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Abstract 
 
Eddy currents are induced when a nonmagnetic, conductive material is moving as the result of being subjected to a 

magnetic field, or if it is placed in a time-varying magnetic field. These currents circulate in the conductive material 
and are dissipated, causing a repulsive force between the magnet and the conductor. With this concept, eddy current 
damping can be used as a form of viscous damping. The present study investigates analytically and experimentally the 
characteristics of eddy current damping when a permanent magnet is placed in a conductive tube. The theoretical 
model of eddy current damping as the result of a magnet in a copper tube is developed from electromagnetics and is 
verified from experiments. The experiments include a drop test whereby a magnet is dropped in a copper tube to meas-
ure the damping force in a steady-state, and a dynamic test is used to measure the same phenomenon in a dynamic-state. 
The drop test shows that the present model can accurately predict the force of steady-state damping. From the dynamic 
test, although predictability is not accurate at high excitation frequencies, the present model can be used to predict 
damping force at low excitation frequencies. 
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1. Introduction 

An eddy current is caused when a moving conduc-
tor intersects a stationary magnetic field, or vice-versa. 
The relative motion between the conductor and the 
magnetic field generates the circulation of the eddy 
current within the conductor. These circulating eddy 
currents induce their own magnetic field with the 
opposite polarity of the applied field that causes a 
resistive force. These currents dissipate due to the 
electrical resistance and this force will eventually 

disappear. Hence, the energy of the dynamic system 
will be removed. Since the resistive force induced by 
eddy currents is proportional to the relative velocity, 
the conductor and the magnet can be allowed to func-
tion as a form of viscous damping.  

For decades, various applications utilizing eddy 
currents for damping dynamic systems have been 
developed, such as in the magnetic braking system [1-
4] and the lateral vibration control of rotating ma-
chinery [5, 6]. Karnopp [7] introduced a small and 
light linear electrodynamic motor consisting of cop-
per coils and permanent magnets which can be used 
as an electromechanical damper for vehicle suspen-
sion systems. Larose et al. [8] studied the effective-
ness of external means for reducing the oscillations of 
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a full-bridge aeroelastic model using a tuned mass 
damper (TMD). Their TMD takes advantage of ad-
justable inherent damping provided by eddy currents. 
Teshima et al. [9] investigated the effects of an eddy 
current damper on vibrations associated with super-
conducting levitation and showed that when eddy 
current damping was employed, the measured level of 
vertical vibration improved by approximately a hun-
dredfold.  

Additionally, several studies [10-15] have investi-
gated the effects of magnetic fields on vibration in 
cantilever beams. Takagi et al. [10] studied thin plate 
deflection in a magnetic field both analytically and 
through experimentation. Lee [11] studied the dy-
namic stability of conducting beam plates in a trans-
verse magnetic field and demonstrated the existence 
of three regions of stability: damped stable oscillation, 
static asymptotic stability, and static divergence in-
stability. Matsuzaki et al. [12, 13] proposed the con-
cept of a new vibration control system in which the 
vibration of a partially magnetized beam is sup-
pressed by using electromagnetic forces and per-
formed an experimental study to show the effective-
ness of their concept. Recently, Kwak et al. [14] in-
vestigated the effects of an eddy current damper 
(ECD) on a cantilever beam, and their experimental 
results showed that an ECD can be an effective de-
vice for vibration suppression. However, their inves-
tigation, while meaningful, failed to produce a de-
tailed eddy current damping model. Bae et al. [15] 
developed a theoretical model of an ECD constructed 
by Kwak et al. [14]. Using this theoretical model, the 
authors investigated the damping characteristics of an 
ECD and simulated the vibration suppression of a 
cantilever beam with an attached ECD. Kwak’s ECD 
used the eddy currents induced in the conductive 
metal which was moving perpendicular to the mag-
netic poling axis as shown in Fig. 1(a). This concept 
used the magnet’s axial flux induced by two oppo-
sitely poled magnets and has been studied by previous 
researchers [1-4] because of the desirable traits that 
this method has for magnetic braking. Sodano et al. 
[16-18] proposed a new concept using the eddy cur-
rents induced in a conductive plate which oscillates 
through the magnetic poling axis as shown in Fig. 
1(b). Their concept used the magnet’s radial flux 
induced by using one magnet or two same poled mag-
nets and can be used in the transverse vibration sup-
pression of a cantilever beam.  

Kwag et al. [19] proposed and developed the con- 

 
(a) Conductive plate moving perpendicular to the magnetic 
poling axis 

 
(b) Conductive plate oscillating through the magnetic poling 
axis 
 
Fig. 1. Concepts of eddy current damping. 

 

 
 
Fig. 2. Eddy current shock absorber by Kwag et al. [19]. 
 
cept of making an eddy current shock absorber using 
permanent magnets as shown in Fig. 2. The magneti-
cally tuned mass damper developed by CSA Engi-
neering Inc. [20] is similar to this model. However, 
their model does not require the use of any coil 
springs because the repulsive force between the mag-
nets takes its place. In their model, permanent mag-
nets are moving in a copper tube and the eddy cur-
rents are induced in the tube as shown in Fig. 3. This 
model also uses the magnet’s radial flux as was done  
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Fig. 3. Permanent magnet in a copper tube. 
 
in Sodano’s model, but it is more effective because 
the radial flux is almost perpendicular to the copper 
tube surface. As such, using this concept, a shock 
absorber without coil springs or fluids can be con-
structed.  

The motivation of the present study is to develop 
and verify a theoretical model of the eddy current 
damping used by Kwag’s eddy current concept. To 
verify this model, a finite element analysis and asso-
ciated experiments are performed in order to achieve 
two interconnected goals. First, the magnetic field 
which is created by a permanent magnet is calculated, 
and second, the eddy current damping is accurately 
measured. The experiments include a drop test and 
the sinusoidal excitation of a permanent magnet in a 
copper tube. The former is conducted in order to 
measure the values of steady-state damping and the 
latter measures those of dynamic damping. In this 
way, the characteristics of eddy current damping are 
investigated analytically and experimentally both in a 
steady and dynamic state.  
 

2. Theoretical analysis 

2.1 Electromagnetic modeling of a permanent mag-
net  

If the surface charges are assumed to be ignored, 
the current density J

r
 induced in the conducting 

sheet moving with the velocity of vr  is given by  
 

( )J v Bσ= ×
r rr   (1) 

 
where σ  is the conductivity of the conducting mate-
rial and the v B

→ →

× term is the electromotive force driv-
ing the eddy currents J

→

. 
To calculate magnetic flux density at point 
( , , )P R zθ , a cylindrical coordinate is used as shown 

in Fig. 4. 

 
 
Fig. 4. Schematic of the circular magnetized strip. 

 
Applying the Biot-Savart law to the circular loop 

shown in Fig. 4, the magnetic flux density can be 
expressed as 
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where 0µ , 0M , 1R̂ , and dl

r
are the permeability, 

the magnetization per unit length, the vector from the 
source point to the field point, and the vector of infini-
tesimal strip, respectively. The vector 1R

→

 is defined 
by the distance between the differential element on 
the circular strip and the point on the y-z plane as 
shown in Fig. 4 and written as  
 

1R R r= −
rr r

  (3) 
 
where y zR ya za= +

r rr
cos sinx yr b a b aφ φ= +

r r r
 

The vector dl
r

 in Eq. (2) can be expressed as 
 

sin cosx ydl b d a b d aφ φ φ φ= − +
r rr

   (4)  
 
where b is the radius of the circular magnet. 

Substituting Eqs. (3) and (4) in to Eq. (2), the mag-
netic flux density due to the circular magnetized strip 
is  
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where 1I  and 2I  include the elliptic integrals 
shown in Appendix A. ydB  and zdB  are the mag-
netic flux density in the direction of y and z, respec-
tively. Hence, the magnetic flux densities due to the 
circular magnet can be obtained to integrate Eqs. (5) 
and (6) through the length of magnet and are written 
as  
 

0 0 2
1 1 1 1 1

2

( , , ) ( ) ( , , )
4

h

hy

M bB y z z z z I b y z z dzµ
π −

= − −∫  (7) 

0 0 2
1 2 1 1

2

( , , ) ( , , )
4

h

hz

M bB y z z I b y z z dzµ
π −

= −∫   (8) 

 
where 1z and h are the distance in the z direction 
from the center of a magnetized infinitesimal strip 
and the length of the circular magnet, respectively. 
The magnetic field distributions in Eqs. (7) and (8) 
are symmetric about the z-axis.  

The electromagnetic force due to the eddy current 
can be expressed as  
 

( )
V

F J B dV= ×∫
r r r

 ( )dV d d dzρ ρ φ=   (9) 
 
When the magnet has the velocity in the z direction, 
the magnetic flux density 1( , , )zB y z z  does not con-
tribute to the damping force because its cross product 
with the velocity is zero. Thus, the damping force 

dF
r

due to the eddy current in the z direction yields  
 

2
12 ( , , ) ( )d y zF v y B y z z dz aπσδ= ⋅ −∫

r r   (10) 
 
where δ  and v  are the thickness of copper tube 
and the vertical velocity of magnet, respectively. 
From Eq. (10), the eddy current damping coefficient 

dc  can be defined as  
 

2
12 ( , , )d yc y B y z z dzπσδ= ∫   (11) 

 
Because the analytic integrations of Eqs. (7)-(11) 

are very difficult, a numerical integration method will 
be used to obtain the damping coefficient in Eq. (11). 

 
2.2 Terminal speed of a magnet falling in copper tube 

To verify the theoretical models in Eqs. (10) and 
(11), a drop test using a permanent magnet is per-
formed as shown in Fig. 5. When the magnet is re-
leased, the magnetic flux in each of the rings begins 
to change. In accordance with Faraday’s Law, this 
flux change induces an electromotive force and an 

 
 
Fig. 5. Free body diagram for a magnet falling. 

 
electric current inside the ring. The magnitude of the 
current depends on the distance of each ring from the 
falling magnet and on the magnet’s speed. The law of 
Biot-Savart states that an electric current produces a 
magnetic field, which, according to Lenz’s law, op-
poses the action that induced it; that is, the emotion of 
the magnet. Thus, if the magnet is moving away from 
a given ring, the induced field will attract it, while if it 
is moving toward a ring, the induced field will repel it. 
Fig. 5 shows the induced currents above and below 
the falling magnet. The upper currents attract the 
magnet whereas the lower currents repel it, thereby 
yielding the damping force.  

The net force on the magnet can be calculated by 
summing the electromagnetic force with all of the 
rings. The force is an increasing function of the veloc-
ity and will decelerate the falling magnet. When the 
velocity reaches the value at which the magnetic force 
completely compensates for gravity, the acceleration 
will be zero and the magnet will fall at a constant 
terminal speed. For a sufficiently strong magnet, the 
terminal speed is reached very quickly. 

As is well known, the governing equation of a 
magnet falling in a copper tube is written as  
 

d d

dvW F mg c v m
dt

− = − =   (12)  

 
where dc  (disregarding the aerodynamic friction due 
to an extremely low speed) and m are the damping 
coefficient which is associated with the induced cur-
rent and the mass of the magnet, respectively. Inte-
grating Eq. (12), we obtain  

 

( ) (1 )
dc

t
m

d

mgv t e
c

−
= −   (13) 
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Thus, integrating Eq. (13), the displacement can be 
written as  
 

2

2
( ) (1 )

dc
t

m

d d

m g mgx t e t
c c

−
= − − +   (14) 

 
It is observed that the terminal speed (asymptotic 

speed， / dmg c ) is reached quickly ( / 1dm c << ). For 
this reason, we can conclude that through a copper 
tube length cL , the falling speed of the magnet can be 
considered approximately uniform. The predictions of 
velocity and time to pass out the copper tube can be 
calculated from Eqs (13) and (14).  
 
3. Numerical and experimental results 
3.1 Verification of the magnetic field  

The present model of the magnetic field generated 
by a cylindrical, permanent magnet is verified by 
referencing the results of a commercial code before 
estimating the eddy current damping. “Ansoft Max-
well” is a commercial software product designed to 
analyze magnetic fields. It is the leading electromag-
net field simulation software primarily used for the 
design and analysis of 3D/2D structures, such as mo-
tors, actuators, transformers and other electric and 
electromechanical devices common to the fields of 
automotive, military/aerospace, and industrial sys-
tems. Based on the Finite Element Method (FEM), 
Maxwell can accurately solve static, frequency-
domain and time-varying electromagnetic and electric 
fields. 

As was mentioned in the previous section, only 
magnetic flux density in the y direction can generate 
damping force. The physical properties of the magnet 

 
Table 1. Physical properties of the magnet and copper tube. 
 

Property  Value 

Magnet Composition 35NdFeB  

Magnet Mass 23g  

Magnet Size 20*10 mm  

Residual Magnetic Flux Density 1.23T  

Copper Composition  pure  

Length of Copper Tube 500mm  

External Diameter of Copper Tube 33mm  

Internal Diameter of Copper Tube 21mm  

Thickness of Copper Tube 6 mm  

Conductivity of Copper Tube 75.8 10 /S m×

and copper tube are listed in Table 1. 
After applying these properties to the Maxwell 

program, the magnetic flux can be obtained. The con-
tours of the magnitude of magnetic flux density in the 
y-z surface of the copper tube are shown in Fig. 6. 
This Fig. shows that the magnet has a stronger mag-
netic flux density at the corner of the magnet. This 
phenomenon is reasonable because most of the mag-
netic flux density is turned downward at a corner. Fig. 
7 shows the variation of the magnetic flux density 

yB
 
of the center of a copper tube. As shown, the 

maximum value of the radial magnetic flux density 
yB  is observed at the boundary of the magnet, and 

the magnetic flux density subsequently becomes ap-
proximately zero as the distance is greater than 20mm 
from the magnetic surface. This Fig. also shows that 
the results of the present model and those from the 
Maxwell simulation match up well. Thus, the present 
model of the magnetic field is assumed to be very 
accurate, and a detailed description of an experiment 
with eddy current damping in a steady state can now 
follow. 

 

 
 
Fig. 6. Magnitude B (T) on copper in y-z plane. 

 

 
 
Fig. 7. Comparison between the present model and Maxwell 
software. 
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3.2 Eddy current damping in a steady state 

To validate the accuracy of the present model, a 
drop test of a magnet in a copper tube is performed. 
This experiment is conducted in order to estimate the 
eddy current damping in a steady state. “Steady state” 
means that the eddy current damping force is not a 
function of time. At the terminal speed, the damping 
force is constant because the dropping magnet is in 
equilibrium between gravitational force and the drag 
force.  

A Neodymium-Iron-Boron permanent magnet and 
a pure copper cylinder are used for this experiment. 
Using Eqs. (13) and (14), the displacement and veloc-
ity of the falling magnet in the tube can be calculated 
as shown in Fig. 8. The terminal speed of the magnet 
is about 22.09 mm/s. Since the time to reach the ter-
minal speed is short, the terminal speed can be as-
sumed to be the average velocity. Thus, the terminal 
speed of the drop test is calculated from the measured 
time to reach the tube end and the tube length. 
 
Table 2. Comparison between prediction and experiment. 
 

Terminal speed Damping Coefficient 

Prediction Experiment Prediction Experiment

22.09 /mm s  20.45 /mm s  10.290 / skg  11.021 /kg s

 

 
(a) Displacement 

 
(b) Velocity 

 
Fig. 8. Displacement and velocity of the magnet falling in the 
tube. 

Table 2 shows the comparison between the present 
predictions and the experimental results. The predic-
tions and experimental results are within acceptable 
parameters in terms of terminal speed and the damp-
ing coefficient. The small discrepancies between the 
predictions and the actual experiment are assumed to 
be a result of the surface friction and aerodynamic 
damping when the magnet passes through a cylindri-
cal copper tube. Thus, the present model is suffi-
ciently accurate for predicting steady-state eddy cur-
rent damping. The following section will discuss the 
dynamic characteristics of eddy current damping. 

 
3.3 Dynamic characteristics of an eddy current damp-

ing  

To investigate the dynamic characteristics of dy-
namic eddy current damping, an experimental appara-
tus is set up as shown in Fig. 9. The energy created by 
the rotational motion of a DC motor is transferred to 
the rectilinear movement of a rod by the cam. The rod 
pushes and pulls the permanent magnet in the con-
ducting cylinder (Fig. 10). The electromagnetic force 
and the displacement of the magnet are measured by a 
load cell and a laser displacement sensor, respectively.  

The motion is expressed as  
 

( ) sin(2 )nx t A f tπ=   (15) 
 

where, A and nf are the amplitude and excitation 
 

 
Fig. 9. Experimental setup for a dynamic test. 
 

 
 
Fig. 10. Conductive cylinder for a dynamic experiment. 
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frequency, respectively.  
The time signals of displacement, velocity and 

force are shown in Fig. 11 when the amplitude is 20 
mm and the excitation frequencies are 1.0 Hz and 2.0 
Hz, respectively. The velocity signal is obtained by 
differentiating the displacement. The noise of these 
signals is so small that it can be ignored in the dy-
namic test. The measured force signal may include 
undefined forces like friction between the magnet and 
cylinder. To measure these forces, the same experi-
ment is performed using a plastic cylinder instead of a 
magnet. These forces are eliminated from the meas-
ured force signal and it is assumed that the force sig-
nal in Fig. 11 represents only the eddy current damp-
ing force. Fig. 11 shows that the velocity and force 
signals have the same phase angles with respect to 
displacement. Based on the eddy current theory in Eq. 
(10), the eddy current damping force is proportional 
to the velocity. Hence, it can be concluded that the 
experimental setup in Fig. 9 is working well and can 
be used to perform the dynamic test of eddy current 
damping.  

Using this experimental setup, the dynamic test was 
performed for various excitation frequencies. Figs. 12 
and 13 show the force-displacement plots and the 
force-velocity plots at several frequencies. The plots 
of Fig. 12 have hysteresis loops. The hysteresis loop 
is a typical phenomenon that occurs with viscous 
damping, and the area encapsulated by the loop indi-
cates the energy dissipation that is caused by eddy 
current damping. These results show that eddy current 
damping can be used as a shock absorber in vibrating 
systems. The plots of Fig. 13 also have hysteresis 
loops, and this result indicates that there is a spring 
force. The slopes of Figs. 12 and 13 indicate 

 
Table 3. Spring coefficients, damping coefficients, and maxi-
mum damping forces. 
 

Parameter 
Spring 

coefficient 
( /N m ) 

Damping 
coefficient
( / skg  ) 

Maximum
damping 

force 
( N ) 

20 1.0A mm f Hz= =  26.10 13.49 2.10 

20 1.5A mm f Hz= =  34.62 13.06 2.43 

20 2.0A mm f Hz= =  53.93 12.63 3.28 

20 3.0A mm f Hz= =  104.39 10.05 4.28 

20 4.0A mm f Hz= =  135.87 9.30 5.47 

20 6.0A mm f Hz= =  230.62 6.95 7.16 

20 8.0A mm f Hz= =  285.48 5.39 8.10 

the spring coefficients and damping coefficients, re-
spectively. From the results of Figs. 12 and 13, these 
coefficients can be estimated by system identification 
[21]. Table 3 shows the maximum velocity, spring 
coefficient, damping coefficient, and maximum 
damping force. As the excitation frequency increases, 
the spring constant increases, but the damping coeffi-
cient decreases. Although the damping coefficient 
decreases, the maximum damping force increases 
because the maximum velocity increases. The steady-
state damping coefficient predicted from Eq. (11) is 
12.21 kg/s. Based on this value, it can be concluded 
that the present model accurately predicts eddy cur-
rent damping at low excitation frequencies. However, 
at high excitation frequencies, over 5.0 Hz, the differ-
ence between the predictions and experimental results 
is too large.  

Fig. 14 shows damping coefficients and forces in 
relation to velocity. The predictions and experimental 
results for both the damping coefficient and force 
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(b) 20 2.0nA mm f Hz= =   

Fig. 11. Time histories of displacement, velocity and damp-
ing force. 
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match up well when a velocity is about 120-500 mm/s. 
This velocity region is 1.0-4.0Hz. Although small 
differentiation occurs, the damping coefficients within 
this region are approximately constant. Over about 
300 mm/s, the damping coefficient decreases. The 
slope of the damping force changes at this velocity. 
The dynamic results in Figs. 12-14 reveal that the 
ability of eddy current damping decreases as the sinu-
soidal excitation frequency increases. 

From Eqs. (10) and (11), it is apparent that only the 
damping force is present. However, the experimental 
results in Fig. 12 show that a spring force component 

exists. Although the predictions agree well with ex-
periments at the low excitation frequency, especially 
under about 4 Hz, the predictions do not at the high 
excitation frequency. The present eddy current model 
was derived from the assumption that an electrostatic 
condition would prevail, meaning that the magnetic 
fields would be time-invariant. This assumption does 
in fact hold true during the magnet drop test because 
its velocity is constant and the eddy current is in a 
steady state.  

When the magnet is excited by sinusoidal motion 
the velocity is no longer constant and the eddy current 

     
                                           (a) 20 1.0nA mm f Hz= =                                       (b) 20 2.0nA mm f Hz= =  
 

     
                                        (c) 20 4.0nA mm f Hz= =                                            (d) 20 6.0nA mm f Hz= =  
 

 
(e) 20 8.0nA mm f Hz= =  

 
Fig. 12. Force – Displacement plots for various frequencies. 
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damping becomes time-variant. As mentioned, the 
eddy currents are induced in the copper tube due to 
the time-varying magnetic field. These currents in-
duce the magnetic field by Ampere’s law and then the 
net magnetic field is eventually decreased. This in-
duced magnetic field was ignored in the derivation of 
the present model. The assumption of ignoring the 
induced magnetic field can stand for the drop test 
because the induced eddy currents become more dis-
tant and dissipate by heat. Thus, the effects of the 
induced magnetic field can be ignored. However, 
since the magnet moves back to the eddy currents for 

the harmonic excitation the induced magnetic field 
becomes important and cannot be ignored. At the low 
excitation frequency this effect becomes less impor-
tant because the magnet moves back slowly and the 
currents dissipate. For these reasons, the present and 
experimental results do not agree well at high excita-
tion frequencies. Yet, it is important to note that al-
though the present eddy current damping model does 
not perform well at the high excitation frequency, the 
model still has considerable merit in that it provides 
consistently accurate predictions for the drop test and 
the harmonic excitation of low frequencies.  

     
                                       (a) 20 1.0nA mm f Hz= =                                             (b) 20 2.0nA mm f Hz= =  
 

     
                                      (c) 20 4.0nA mm f Hz= =                                              (d) 20 6.0nA mm f Hz= =  
 

 
(e) 20 8.0A mm f Hz= =  

 
Fig. 13. Force–velocity plots for various frequencies. 
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Fig. 14. Predictions and experiment results. 
 
4. Conclusions 

The present study has introduced a new concept of 
eddy current damping using a magnet in a copper 
tube. The advantage of eddy current damping is pri-
marily its simplicity; this method of damping requires 
neither fluid nor energy. Based on the steady-state 
assumption and electromagnetics, the theoretical 
model depicted above was derived by making possi-
ble an electromagnetic damping force induced on a 
copper cylinder. The experiments were performed to 
verify the utility of the theoretical model and included 
a drop test and dynamic test of a permanent magnet in 
a copper tube. The drop test and dynamic test were 
chosen as proxies for steady damping and dynamic 
damping, respectively.  

The drop test indicates that the present model is 
remarkably accurate for steady damping. Results 
from the dynamic test were more mixed. When high 
excitation frequencies were encountered, the predic-
tions created by the model did not correlate well with 
the figures produced by the actual experiment. How-
ever, the predictions were sufficiently accurate when 
the excitation frequencies were low, especially under 
about 4 Hz. Given that an accurate eddy current 
model is necessary to provide accurate predictions 
regarding damping, the model presented here is of 
considerable value. It is expected that this conception 
of eddy current damping can be used with the devel-
opment of shock absorbers. In particular, the present 
eddy current damping model can be used to estimate 
the eddy current damping accurately if the right con-
ditions are present.  
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Nomenclature----------------------------------------------------------- 

b  : Radius of magnet 
J  : Current density 
B  : Magnetic flux density 
v  : Velocity of magnet 
h  : Thickness  of magnet 

dc  : Damping coefficient 
0µ  : Permeability 
dF  : Damping force 

σ  : Conductivity of copper 
r  : Temporal coordinate 

cL  : Length of copper tube 
φ  : Assumed mode shaped 
δ  : Thickness of copper tube 
V  : Volume 

0M  : Magnetization 
t  : Time 
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Appendix-Integrals defining the magnetic flux 
density 

The integration 1I  in Eq. (5) is  
2

1 30
2 2 2 2

sin( , , )
( 2 sin )

I b y z d
b y z by

π φ φ
φ

=
+ + −

∫  

2
1 12 2 2

2
2 22 2

1 4 3 4[ { ( , ) ( , )}
4 4

4 3 4{ ( , ) ( , )}]
4 4

yb ybm E E
bynp n n

yb ybp E E
n n

π π

π π

= − + −

− − + −
 (A.1) 

 
where  
 

2 2 2 2m b y z= + + , 2 2 2( )n b y z= − + ,  
2 2( )p b y z= + +                  (A.2-A.4) 

 
The elliptic integrals of Eq. (A.1) are  
 

1/ 2
2

1 0
( , ) (1 sin )E m m d

φ
φ θ θ= = −∫   (A.5) 

1/ 2
2

2 0
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φ
φ θ θ

−

= = −∫   (A.6) 

 
The integration 2I  in Eq. (6) is  
 

2

2 30
2 2 2 2

sin( , , )
( 2 sin )

b yI b y z d
b y z by

π φ φ
φ

−
=

+ + −
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+ − + −
 (A.7) 

2 2 2s b y z= − − , 2 2 2( )n b y z= − + ,  
2 2( )p b y z= + +             (A.8-A.9) 

 
The elliptic integrals of Eq. (A.7) are  

 
1/ 2

2
1 0
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1/ 2
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